Abstract: This paper is devoted to the study of unbounded derivations on Banach quasi *-algebras with a particular emphasis to the case when they are infinitesimal generators of one parameter automorphisms groups. Both of them, derivations and automorphisms are considered in a weak sense; i.e., with the use of a certain families of bounded sesquilinear forms. Conditions for a weak *-derivation to be the generator of a *-automorphisms group are given.
Introduction
The aim of this paper is to investigate unbounded derivations on Banach quasi *-algebras, focusing, in particular, on the case in which derivations arise as infinitesimal generators of one parameter *-automorphisms groups. In the case of Banach *-algebras, a derivation is a linear map defined on a *-subalgebra for which the Leibnitz rule holds. These objects have a strict relation with several branches of Mathematics and Physics, especially with quantum theories. On one hand they naturally appear in the representation theory of Lie algebras and, on the other hand, commutators (the prototypes of derivations) and related commutation relations constitute the cornerstone of the mathematical description of quantum theories.
Derivations on C*-algebras, Banach *-algebras or even more general structures as partial *-algebras have been extensevely studied in order to answer questions about closability, spatiality or time-evolution systems stemming out by derivations through one parameter automorphisms groups, often under different points of view (see [3, 4, 5, 6, 10, 11, 19, 22, 27, 28, 29] ).
A Banach quasi *-algebra (A, A 0 ) arises in natural way as the completion, A, of a given *-algebra A 0 under a norm topology, in the case when the multiplication is not jointly continuous and, for this reason, it has the peculiarity that the product is defined only for selected couples of elements: it is in other words, a partial *-algebra (see [1, 2, 9] ). The possible lack of an everywhere defined multiplication reveal new features and requires a convenient adaptation of very familiar concepts. In the case of derivations a weaker concept is needed, which is introduced by making use of certain families of bounded positive invariant sesquilinear forms.
In this paper, we examine some properties of weak *-derivations on Banach quasi *-algebras, in particular those that characterize them as generators of one parameter groups of weak *-automorphisms. We apply our results in order to study examples of derivations not treatable in the classical algebraic background.
In details, in Section 2 we remind some definitions, properties and preliminary results useful in what follows. Passing to Section 3, densely defined derivations on a *-semisimple Banach quasi *-algebra (A, A 0 ) are investigated, starting from inner qu*-derivations, i.e. those that can be written, for a fixed h ∈ A, as δ h (x) = i[h, x] with x ∈ A 0 . In this case, it is shown that every inner qu*-derivation is closable, not depending on the nature of the element h. Most likely, the closure is not again a derivation in the usual sense for the failure of the Leibnitz rule. Therefore, we employ sesquilinear forms to find a good candidate for a weak Leibnitz rule. What we achieve is indeed more general and it is examined in details.
In Section 4 we introduce weak *-automorphisms of a Banach quasi *-algebra and derive some properties of the generator of a one parameter group of weak*-automorphisms.
In Section 5 we investigate the possibility of extending to the case of *-semisimple Banach quasi *-algebras the well known result of Bratteli and Robinson theorem for C*-algebras [11] about conditions on a *-derivation for being the infinitesimal generator of a one-parameter group of the type described above.
Finally, in Section 6, we apply our results to compute the one parameter group generated by a inner qu*-derivation and give a physical example (see [7, 8] ) that motivates our choice to examine derivations in a more general context when the implementing element is unbounded.
Preliminaries and basic results
In this section we give some definitions and preliminary results needed along the paper. For more details, see [2] .
Basic definitions.
A quasi *-algebra (A, A 0 ) is a pair consisting of a vector space A and a *-algebra A 0 contained in A as a subspace and such that (i) A carries an involution a → a * extending the involution of A 0 ; (ii) A is a bimodule over A 0 and the module multiplications extend the multiplication of A 0 . In particular, the following associative laws hold:
(xa)y = x(ay); a(xy) = (ax)y, ∀ a ∈ A, x, y ∈ A 0 ; (iii) (ax) * = x * a * , for every a ∈ A and x ∈ A 0 .
A quasi *-algebra (A, A 0 ) is unital if there is an element ½ ∈ A 0 , such that a½ = a = ½a, for all a ∈ A; ½ is unique and called the unit of (A, A 0 ). Definition 2.1. Let (A, A 0 ) be a quasi *-algebra and δ a linear map of A 0 into A. We say that δ is a qu*-derivation of (A,
Example 2.2. The easiest example of a qu*-derivation on a quasi *-algebra is provided by the commutator; i.e., if h = h * ∈ A we put
Motivated by this example we give the following Definition 2.3. Let (A, A 0 ) be a quasi *-algebra and δ a qu*-derivation of (A, A 0 ). We say that δ is inner if there exists h = h * ∈ A such that
The framework of our whole discussion will be Banach quasi *-algebras (with particular attention to the *-semisimple case). We remind the definition. Definition 2.4. A quasi *-algebra (A, A 0 ) is called a normed quasi *-algebra if a norm · is defined on A with the properties (i) a * = a , ∀a ∈ A; (ii) A 0 is dense in A; (iii) for every x ∈ A 0 , the map R x : a ∈ A → ax ∈ A is continuous in A. If (A, · ) is a Banach space, we say that (A, A 0 ) is a Banach quasi *-algebra. The norm topology of A will be denoted by τ n .
The continuity of the involution implies that (iii') for every x ∈ A 0 , the map L x : a ∈ A → xa ∈ A is continuous in A. If x ∈ A 0 , we put
If E, F are Banach spaces, D(E) is a dense subspace of E and S : D(E) ⊂ E → F is a linear operator, then we define the following important subsets of the complex field
• the resolvent ρ(S) := {λ ∈ C : ∃(λI − S) −1 and it is bounded}; • the spectrum σ(S) := C \ ρ(S).
*-Semisimple Banach quasi *-algebras.
Definition 2.5. Let (A, A 0 ) be a Banach quasi *-algebra and denote as S A 0 (A) the set of all sesquilinear forms ϕ on A × A that satisfy the following conditions (i) ϕ(a, a) ≥ 0 for every a ∈ A (ii) ϕ(ax, y) = ϕ(x, a * y) for every a ∈ A and x, y
According to the following Lemma, R * can be characterized into different ways Lemma 2.6. [9, Lemma 4.1] Let (A, A 0 ) be a Banach quasi *-algebra and let us consider the following sets
By means of the sesquilinear forms ϕ ∈ S A 0 (A) we can define a new multiplication in A between couples of elements none of them belonging necessarily to A 0 . Definition 2.7. [15] Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Let a, b ∈ A. We say that the weak multiplication a b is well-defined if there exists a (necessarily unique) c ∈ A such that:
In this case, we put a b := c.
The following result is immediate.
Proposition 2.8. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Then A endowed with the weak multiplication is a partial *-algebra.
We will denote by R w (A) (resp. L w (A)) the space of universal right (resp. left) weak multipliers of A; i.e., the space of all b ∈ A such that a b (resp. b a) is well-defined, for every a ∈ A. Clearly,
Several results are known about the weak multiplication we defined above (see [15] ). As we shall see below the weak multiplication can be characterized through some closedness properties with respect to appropriate topologies defined by means of the sesquilinear forms ϕ ∈ S A 0 (A). Definition 2.9. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. The sesquilinear forms ϕ of S A 0 (A) define the topologies generated by the following families of seminorms:
Remark 2.10. From the continuity of ϕ ∈ S A 0 (A) it follows that all the topologies τ w , τ s , (and also τ s * , if the involution is τ -continuous) are coarser than the initial norm topology of A.
It is easy to show that Proposition 2.11. The following statements are equivalent.
(i) The weak product a b is well defined.
(ii) There exists a sequence {y n } in A 0 such that y n − b → 0 and ay n τw −→ c ∈ A. (iii) There exists a sequence {x n } in A 0 such that x n − a → 0 and
Remark 2.12. In Proposition 2.11, if a, b ∈ A are such that a b is welldefined, then every sequence {y n } in A 0 that approximates b verifies condition (ii). Likewise, the same holds for a sequence {x n } is A 0 such that x n − a → 0.
Let (A, A 0 ) be a Banach quasi-*algebra. To every a ∈ A there correspond the linear maps L a and R a defined as
If (A, A 0 ) is a *-semisimple Banach quasi *-algebra, then the weak multiplication allows us to extend L a , (resp., R a ) to R w (a) (resp., L w (a)). Let us denote byL a , (resp.R a ) these extensions. Then
Proposition 2.13. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Then, for every a ∈ A,L a ,R a are closed linear maps in A[τ n ].
Remark 2.14. Proposition 2.13 implies, obviously, that L a , R a are closable and L a ⊆L a , R a ⊆R a 
Proof. The first statement and the inclusion
Thuŝ L a (resp.,R a ) is closed and everywhere defined. Hence both L a and R a are bounded.
If (A, A 0 ) is a *-semisimple Banach quasi *-algebra with unit ½ and a ∈ A, we define
As shown in [26] , σ(a) is a bounded subset of C if, and only if, a ∈ A b .
Extensions of qu*-derivations
Let (A, A 0 ) be a Banach quasi *-algebra. By the very definitions, A is a Banach module over A 0 . Therefore, if A 0 [ · 0 ] is a C*-algebra, or, in other words if (A, A 0 ) is a proper CQ*-algebra, introduced in Section 2, then by Ringrose's theorem [21] 
. But we may also regard A 0 as a · −dense subspace of A.
Hence it is natural to pose the question as to whether δ can be extended beyond A 0 . If δ is closable as a linear map from
, then as usual we can define its closure δ on the subspace
In general, δ is not a *-derivation, since (D(δ), A 0 ) is not necessarily a quasi *-algebra and the Leibniz rule may fail (see Example 3.5).
The simplest case we could investigate is that of an inner qu*-derivation: not surprisingly, δ h is continuous whenever the element h ∈ A that generates the qu*-derivation is bounded in the sense of Definition 2.15.
Proof. Let {x n } ⊂ A 0 be a sequence that vanishes as n → ∞ and such that δ h (x n ) is · −Cauchy, i.e. there exists w ∈ A such that δ h (x n ) − w → 0 as n → +∞. We want to show that w = 0. On one hand, for every ϕ ∈ S A 0 (A) and for every u, v ∈ A 0 ,
On the other hand, by the hypotheses ϕ(δ h (x n )u, v) → ϕ(wu, v), for every ϕ ∈ S A 0 (A) and for every u, v ∈ A 0 . We conclude by Lemma 2.6 and the arbitrary choice of ϕ ∈ S A 0 (A).
Let us now assume that δ is a closable qu*-derivation. We consider the question as to whether its closure δ is a *-derivation in some weaker sense; i.e.; if a sort of Leibniz rule still hold. 
Proof. Suppose that δ is a closable qu*-derivation and let δ be its closure. Let a, b ∈ D(δ), then there exist sequences {x n }, {y n } of elements in A 0 such that
The sequence {x n y n } ⊂ A 0 is τ w −convergent to a b and {δ(x n y n )} is τ w −Cauchy. By the sequential completeness of
and therefore
, where f ′ is the classical derivative of f . Then δ is closable and its closure is the weak derivative in W 1,p (R). This is a favourable situation because W 1,p (R) is a *-algebra and the Leibniz rule works for the weak derivative.
Example 3.4. Working again with the derivative operator, we can construct an example where the domain of the closure of a qu*-derivation is a genuine quasi *-algebra. Let
is a *-algebra with the usual operations and conjugation of functions and S * = −S. D(S) is also a Hilbert space with the graph norm f S = ( f 2 + Sf 2 ) 1/2 . Let us denote it by H S . If H × S denotes its conjugate dual, which is a Hilbert space endowed with the usual dual norm, then S maps
We may also regardŜ as a densely defined operator in H × S .Then S is closable since its hilbertian adjoint in H × S , denoted byŜ × , is densely defined; in factŜ × ⊃ −S. It is clear that S is a qu*-derivation of the Banach quasi *-algebra (H × S , H S ). Moreover, the inclusions S ⊂Ŝ and
is a quasi *-algebra and that the Leibniz rule works in this case. It is interesting to compute explicitly the action ofŜ on some elements of D(S). For instance, if f ∈ C 1 ([0, 1]) we can compute explicitlyŜf . We have in fact, for every g ∈ D(S)
The closure δ clearly coincides with δ ⋆⋆ . Let ξ ∈ D(δ); then there exists a sequence{z n } ⊂ A 0 , such that z n → ξ and
From these equalities it follows that ξy ∈ D(δ ⋆⋆ ) = D(δ) if, and only if, ξ ∈ D(R δ(y) ). Therefore (D(δ), A 0 ) is a quasi *-algebra if, and only if,
Weak derivations on *-semisimple Banach quasi *-algebras
Derivations, in many occurrences, stem out as generators of automorphism groups. In this section we will start our analysis taking first of all, this point of view. The discussion in the previous section makes clear that the existence of sufficiently many sesquilinear forms ϕ to work with is crucial when dealing with this problem. For this reason, from now on we will focus our attention to the case of *-semisimple Banach quasi *-algebras.
Infinitesimal generators of weak *-automorphism groups.
As it is known, in the case of C*-algebras *-derivations arise as infinitesimal generators of *-automorphisms groups. Let us examine this aspect. By the previous definition, if θ is a weak *-automorphism, then θ −1
is a weak *-automorphism too. Definition 4.3. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Suppose that for every fixed t ∈ R, β t is a weak *-automorphism of A. If (i) β 0 (a) = a, ∀a ∈ A (ii) β t+s (a) = β t (β s (a)), ∀a ∈ A then we say that β t is a one-parameter group of weak *-automorphisms of (A, A 0 ). If τ is a topology on A and the map t → β t (a) is τ -continuous, for every a ∈ A, we say that β t is a τ -continuous weak *-automorphism group.
The definition of the infinitesimal generator of β t is now quite natural. If β t is τ -continuous, we set
. Of course, one would expect, in analogy with the C*-situation, that D(δ τ ) is a partial *-algebra and that δ is a *-derivation in a sense to be specified; in other words, we should decide which form of Leibniz rule must be taken to define conveniently derivations on a partial *-algebra. The following proposition suggests an answer to that question. Proposition 4.4. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra and β t a τ s * -continuous weak *-automorphism group of (A, A 0 ). Then the following statements hold.
and a b is well defined, then a b ∈ D(δ τw ) and
is a partial *-algebra with respect to the weak multiplication.
Proof. We prove only (ii). Let a, b ∈ D(δ τ s * ), with a ∈ L w (b). If x, y ∈ A 0 , then
Now, for the first term on the right hand side, we have
because of the τ s * -continuity of β t and of the involution. As for the second term we have, taking into account that b ∈ D(δ τ s * ),
This proves at once that if a, b ∈ D(δ τ s * ) and a b is well-defined, then a b ∈ D(δ τw ) and
Proposition 4.4 suggests the following definition inspired by the one given in [3, 4] for partial *-algebras of unbounded operators. Definition 4.5. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra and δ a linear map of D(δ) into A, where D(δ) is a partial *-algebra with respect to the weak multiplication . We say that δ is a weak *-derivation of (A, 
) is a *-semisimple Banach quasi *-algebra: the corresponding set S A 0 (A) is given by the form ϕ w defined for w ∈ L p p−2 (R) (for p = 2,
The weak multiplication f g is well defined if, and only if, f g ∈ L p (R). Let us define for v ∈ R, β t (f ) = f t where f t (x) = f (x + t), f ∈ L p (R). Then β t is a weak *-automorphisms group. Its infinitesimal generator is, formally, the derivative operator with domain W 1,p (R). If we change the *-algebra taking for instance C o (R) ∩ L p (R) we see that the domain of δ does not contain A 0 , in general.
Integrating weak *-derivations
As it is known from Bratteli-Robinson theorem [10, 11, 12] ) the fact that a *-derivation δ is closed is a necessary (albeit insufficient) condition for δ to be the generator of a norm continuous one-parameter group β of *-automorphisms of a C*-algebra or, in other words, for δ to be integrable. In this section we will prove analogous results in the case of *-semisimple Banach quasi *-algebras. The investigation performed in the previous sections on the closability of qu*-or weak derivation was, in a sense, preliminary for this scope.
be a weak *-derivation on a *-semisimple Banach quasi *-algebra (A, A 0 ). Suppose that δ is the infinitesimal generator of a uniformly bounded, τ n -continuous group of weak *-automorphisms of (A, A 0 ). Then δ is closed; its resolvent set ρ(δ) contains R \ {0} and
Before proving Theorem 5.1, we first remind some properties on oneparameter groups {β t } t∈R that can be proved as in [20] . 
Proof of Theorem 5.1. By (1) and (2) of Lemma 5.2, if a ∈ A, we define
β s (a)ds, then a t ∈ D(δ) for t ∈ R and a t → a as t → 0. We conclude D(δ) = A.
In order to prove that δ is closed, let {a n } in D(δ) such that a n → a and δ(a n ) → w as n → ∞. By (4) of Lemma 5.2, β t (a n ) − a n = t 0 β s (δ(a n ))ds.
Considering the limit on both sides of the equality and using again (4) of Lemma 5.2, we obtain
Dividing by t = 0 and taking the limit as t → 0, we conclude by (1) of Lemma 5.2 that a ∈ D(δ) and δ(a) = w, i.e. δ is closed.
If λ = 0, the inequality is obvious. Now we consider λ > 0 and define the operator
The continuity of t → β t (a) for every a ∈ A and the uniform boundedness of β t in t guarantee that the above operator is well-defined and
Moreover, (λI −δ)(R λ (a)) = a, for every a ∈ A and R λ ((λI −δ)(a)) = a, for every a ∈ D(δ). Indeed, the right hand side of the following
tells us that R λ (a) ∈ D(δ) and it converges to λR λ (a) − a for every a ∈ A and λ > 0. Thus, (λI − δ)R λ = I. By the closedness of δ and again by Lemma 5.2, we obtain also the other equality. Indeed,
Hence, R λ is the inverse of λI − δ and the conditions on the spectrum are verified. The case when λ < 0 can be handled in very similar way, by defining the operator R λ (a) as
In order to prove that a closed weak *-derivation is the infinitesimal generator of uniformly bounded, τ n −continuous group of weak *-automorphisms further assumptions on δ are needed.
be a closed weak *-derivation on a *-semisimple Banach quasi *-algebra (A, A 0 ). Suppose that δ verifies the same conditions on its spectrum of Theorem 5.1 and A 0 is a core for every multiplication operatorL a for a ∈ A, i.e. L a = L a . Then δ is the infinitesimal generator of a uniformly bounded, τ n -continuous group of weak *-automorphisms of (A, A 0 ).
Proof. We want to show that the norm limit
gives us a uniformly bounded, τ n -continuous weak *-automorphisms group of (A, A 0 ). The existence of this limit can be derived by applying the theory of C 0 -semigroups in Banach spaces [17, Chap.12] . Moreover, the map t ∈ R → β t (a) is norm continuous since [17, p.362 ] the convergence is uniform in every finite interval [0, t 0 ].
By the condition on the spectrum of δ, β t is, for every t ∈ R, a bounded operator in A and all its powers are well defined. By the lower bound condition we obtain, for every n ∈ N * ,
Hence passing to the limit we have β t (a) ≤ a for every a ∈ A. Let t ∈ R be fixed. Then β t is a continuous linear and bijective operator. Moreover, β t preserves the involution, i.e. β t (a) * = β t (a * ) for every a ∈ A. Further δ commutes with all its negative powers, so for every a ∈ A β t (δ(a)) = δ(β t (a)).
By the fact that β t (a) is the solution of the Cauchy problem β ′ t (a) = β t (δ(a)) with initial condition β 0 (a) = a, we achieve the group property, i.e. β t+s (a) = β t (β s (a)) for every a ∈ A, t, s ∈ R.
The set of analytic elements, i.e. the set of all elements a ∈ D(δ n ), for every n ∈ N, such that the power series
is well defined and analytic on a neighbourhood of the origin, is dense in A by [20, Thm. 2.7] . The last property we are going to prove is that β t is a weak *-automorphism, i.e. β t (a) β t (b) is well defined if, and only if, a b is well defined and, in this case, β t (a b) = β t (a) β t (b).
By the hypotheses, D(δ) ⊂ A b is a partial *-algebra with respect to the weak multiplication . By the boundedness of a, b, we can rewrite the weak Leibnitz rule as
Hence, all the products δ m (a) δ n (b) are welldefined for every n, m ∈ N.
By the above argument, it is easy to prove by induction that
for every a, b analytic elements. In a very standard way we achieve the weak *-automorphism property in the case a, b are analytic elements. Using the density of the set of analytic elements and the boundedness of the elements one proves the equality
Let a ∈ A and b ∈ A b . Approximating an unbounded element a through a sequence a n of bounded elements, the weak product a b can be approximated by the sequence a n b and we get
Suppose now that both a, b ∈ A are unbounded. By hypothesis, A b is a core for every L a , then there exists a sequence {b n } ∈ A b that norm converges to b such that a b n − a b vanishes as n increases. By norm continuity of β t we achieve the weak automorphism property for β t , i.e. In this case D(δ) = W 1,p (I, dλ) and it is well known (see [13, Thm 8.8 
Moreover, in the case p = 2, it is possible to show that every weak *-automorphism of L 2 (I, dλ), coupled for instance with L ∞ (I, dλ) or C(I), is automatically τ n −continuous with the same strategy employed in [1] . Indeed, if θ is a weak automorphism of L 2 (I, dλ), then θ is an intertwining operator with the couple (R x , R θ(x) ), i.e. θ • R x = R θ(x) • θ for every x ∈ A 0 . By Lemma 4.2, θ(A b ) = A b thus the operator R θ(ψ) is everywhere defined and continuous.
Examples and applications
In this section we present some examples of weak *-derivations and one-parameter groups generated by them.
Consider again the example of inner qu*-derivations; i.e., δ : A 0 → A is a densely defined derivation determined as δ h (x) := i[h, x] for a selfadjoint element h ∈ A, i.e. h = h * and σ(h) ⊂ R.
6.1. Inner qu*-derivations. Case 1: Suppose first that h is a bounded element. As we have already seen, in this case δ h (x) is continuous. Like in the classical case, what we would expect is a continuous oneparameter group {β t } t∈R of weak *-automorphisms of (A, A 0 ) of the form β t (a) = e ith a e −ith for all t ∈ R. We stress the fact that h n is the weak product of h with itself n times. The above series is well defined, the exponential e ith ∈ A b and all the known properties remain valid.
Suppose that (A,
For each t ∈ R, β t (a) := e ith a e −ith is a weak *-automorphism of (A, A 0 ). We notice that by the separate continuity of multiplication and the *-semisimplicity of (A, A 0 ) the use of brackets is not needed.
If we fix t ∈ R, then it is routine to prove that β t is a linear map preserving the weak multiplication when defined.
Its inverse is given by β −1 t (a) = e −ith ae ith = β −t (a) and β : t → β t is in fact a weak *-automorphism group of (A, A 0 ).
Self-adjoint elements can be characterized as those elements such that e . Therefore we conclude that {β t } t∈R is uniformly bounded in t by the following computations β t (a) ≤ e ith 2 b a = a .
By standard computations it is easy to check that {β t } t∈R is really a norm continuous one-parameter group, i.e. β 0 (a) = a = Id(a), β t+s (a) = β t • β s (a) and β t (a) − a vanishes as t → 0, for every a ∈ A.
We now compute the infinitesimal generator of {β t } t∈R . What we expect is the closure of the inner qu*-derivation δ h for h ∈ A b . Indeed, it is straightforward to prove that
for every a ∈ A = D(δ h ). Therefore δ h is everywhere defined and continuous.
Hence the hypothesis on the boundedness of D(δ) is sufficient, but not necessary, to obtain a uniformly bounded norm continuous oneparameter group of weak *-automorphisms.
Case 2:
We now consider the case in which h is self-adjoint, as before, but unbounded, i.e. h ∈ A \ A b .
By definition given in Section 2, λ ∈ ρ(h) if, and only if, λ ∈ ρ(L h ) ∩ ρ(R h ). We suppose that the element h verifies the following condition
This, in turn, implies that
Then there exists {U L (t)} t∈R strongly operator continuous one-parameter group such that U L (t) B(A) ≤ 1 for every t ∈ R and L h is the infinitesimal generator of {U L (t)} t∈R (see [18] ). Similarly, there exists a strongly continuous one-parameter group {U R (t)} t∈R such that U R (t) B(A) ≤ 1 for every t ∈ R and R h is the infinitesimal generator of {U R (t)} t∈R Let us define
Since both u L (t) and u R (t) are solutions of the same differential equation
for every t ∈ R. Hence we define
The exponential is a bounded element of (A, A 0 ). Indeed, by [16, Lemma 2.5.3] , it is easy to check that
By the assumption on h, the element (I − it n
½ is left-bounded with the bound not depending neither on n nor on the element e. Therefore it is possible to extend the above equality for generic elements in A
Hence, by the strong continuity of U L (t), we achieve
and U L (t)a ≤ a for every a ∈ A. Analogously, U R (t)½ is right-bounded and U R (t)a ≤ a . Then we conclude that e ith is bounded. We have U L (t)a = U L (t)½ a for every a ∈ A. This is surely true for bounded elements because they are solutions of the same equation with the same boundary condition. Therefore, by separate continuity of the multiplication, the equality is true for every a ∈ A. Hence we obtain e ith b ≤ 1 and the group property e ith e ish = e i(t+s)h for every t, s ∈ R.
Since
Defining β t (a) := e ith ae −ith , we already know that {β t } t∈R is uniformly bounded continuous one-parameter group of continuous weak *-automorphisms. The infinitesimal generator is given by the closure of the weak *-derivation δ h (x) = i[h, x] for x ∈ A 0 . This closure is given by
when a is bounded.
6.2.
A physical example: quantum lattice systems. The study of derivations and automorphism is important for physical applications to quantum systems with infinitely many degrees of freedom as, for instance, spin lattice systems. Without giving full details (for which we refer to [2, 6, 8, 24] ) we give an outline of their mathematical description and show how the ideas developed in this paper may give some help when dealing with them. Let V is a finite region of a d−dimensional lattice and A V the C*-algebra generated by the Pauli operators σ p = (σ Roughly speaking, M counts the number of flipped spins in |{m}, {n} with respect to the ground state |{n} .
Note that M is strictly depending on the chosen sequence {n}. We set π {n} : A 0 → L † (D {n} ) to be the GNS *-representation defined by {n} and we suppose that π {n} is faithful. The operator M is a number operator. Therefore, the operator e M is a densely defined self-adjoint operator. Let D denote its domain. Then D can be made into a Hilbert space, denoted by H M , in canonical way. The norm in H M , in fact, is given by f M = e M f , f ∈ H M . Let us assume that, for every x ∈ A 0 , both e M π {n} (x)e is a *-semisimple Banach quasi *-algebra. Assuming that h V is the Hamiltonian of the finite volume system, then h V ∈ A 0 and then e ith V ∈ A 0 . Now we define δ V (x) := i[h V , x], ∀x ∈ A 0 . By Proposition 3.1, δ V is closable and, by h V ∈ A 0 , it is actually continuous. Hence δ V is infinitesimal generator of uniformly bounded norm continuous one parameter group of norm continuous weak *-automorphisms α V t (a) = e ith V a e −ith V , ∀a ∈ A.
The interesting point comes when considering the so-called thermodynamical limit of the local dynamics; i.e. the lim |V |→∞ δ V . This limit, in general, fails to exists in the C*-algebra topology of A 0 . It is here that the Banach quasi *-algebra structure plays a role, by taking the completion with respect to the norm · of A. As shown in [2, 8] , under certain conditions, this limit exists and defines a weak *-derivation δ of (A, A 0 ) which generates a one parameter group of *-automorphisms.
Concluding remarks
Derivations are widely studied in mathematics for their importance in describing physical systems (see Section 6.2) and for their own interest. In this paper we investigated the problem of giving a proper definition of derivation in the framework of (mainly, *-semisimple) Banach quasi *-algebras It would be interesting to examine the case of locally convex quasi *-algebra. In the aforementioned example the number operator M is strictly depending on the state {n}, thus it is more convenient to consider a locally convex topology taking into account the entire family of states. This gives birth to a locally convex quasi *-algebra where a thermodynamical limit, possibly independent of the the representations, could lives. We leave this question to future papers.
